ABSTRACT. Let ν be a rotation invariant Borel probability measure on the complex plane having moments of all orders. Given a positive integer q, it is proved that the space of ν-square integrable q-analytic functions is the closure of q-analytic polynomials, and in particular it is a Hilbert space. We establish a general formula for the corresponding polyanalytic reproducing kernel. New examples are given and all known examples, including those of the analytic case are covered. In particular, weighted Bergman and Fock type spaces of polyanalytic functions are introduced. Our results have a higher dimensional generalization for measure on C p which are in rotation invariant with respect to each coordinate.
INTRODUCTION
In their recent work A. Haimi and H. Hedenmalm [15] - [16] , established asymptotics for the Bergman-Fock type space of polyanalytic functions with respect to a given weight and mentioned that in general finding explicit formula for these kernels is difficult ( [16] , p. 4668). This problem was also addressed by D. Alpay ( [3] , p. 479). The main goal of this paper is to answer this question in the general context of rotation invariant Borel probability measure on the complex plane having moments of all orders. More precisely, given a positive integer q, we shall establish the formula for the reproducing kernel for Hilbert spaces of square q-analytic functions with respect to a rotation invariant Borel probability measure. The reduction of our formula to the unit disc D gives an explicit formula for the weighted Bergman spaces of polyanalytic functions on D, which in turn, which reduces to the result of Koshelv [19] when the weight is trivial. We point out that the result of Koshelev is proved by a very specific method based on integration by parts which does not work for the weighted case. Other applications are given to provide new results on other Bargmann-Fock type spaces of polyanalytic functions on C and related projections.
We recall that a function f (z) is called a polyanalytic function of order q (or just q-analytic) in the domain Ω ⊆ C if in this domain it satisfies the generalized Cauchy-Riemann equation ( 
1.1)
∂ q f ∂z q = 0. Polyanalytic functions inherit some of the properties of analytic functions and the simplest case is the so-called bianalytic functions. However, as in the theory of several complex variables, many of the properties break down once we leave the analytic setting. They are naturally related to polyharmonic functions see [7] , [17] and [23] for further results.
The properties of these functions was studied by several authors see Balk and Zuev [9] , Balk [8] and Dzhuraev [14] and the references therein. It is well known that any q-analytic function in the domain Ω can be uniquely expressed as (1.2) f (z) = q−1 j=0 z j φ j (z) .
where the φ j (z) are holomorphic in Ω. This representation was used to study the boundary behavior and integral representation of polyanalytic functions. Hilbert spaces of polyanalytic functions and related projections were considered for the case of the unit disc by Koshelev [19] and later by Vasin [28] and A. K. Ramazanov [21] and [22] . In the latter reference a representation of the space of polyanalytic functions as direct sum of orthogonal subspaces is given and applied to rational approximation. The case of the Bargmann-Fock space of polyanalytic functions was studied by N. L. Vasilevski [26] - [27] and later by L. D. Abreu [1] - [2] in connection with Gabor and time-frequency analysis. A deep study of the general case of weighted Bargmann-Fock space of polyanalytic functions was considered by A. Haimi and H. Hedenmalm [15] - [16] , where they obtain the asymptotic expansion of the polyanalytic Bergman kernel as well as the asymptotic behavior of the generating kernel and the asymptotic in the bulk for the q-analytic Bergman spaces in the setting of the weights e −2mQ (see [16] ). Their approach relies on the study of polyanalytic Ginibre ensembles and appeals to the connection with random normal matrix theory and Landau levels.
Polyanalytic functions of several variables were considered by Avanissian and Traoré [4] and [5] . They are defined in an anlogous way. Namely, a function f (z) is called a polyanalytic function of order q = (q 1 , · · · , q p ) ∈ N p 0 (or just q-analytic) in the domain Ω ⊂ C p if in this domain it satisfies the generalized Cauchy-Riemann equation
They can be uniquely expressed as
where the φ j (z) are holomorphic in Ω where for j = (
However, there are very few results are available in this case.
STATEMENTS OF THE MAIN RESULTS
In this section we will state the main results in the one dimensional case. The higher dimensional analogs will be stated at the end of the paper.
The setting is the following. We recall that a sequence s = (s d ), d ∈ N 0 , is said to be a Stieltjes moment sequence if it has the form
where µ is a non-negative measure on [0, +∞[, called a representing measure for s. These sequences have been characterized by Stieltjes [25] in terms of some positive definiteness conditions. We denote by S the set of such sequences and if s ∈ S we let M(s) the convex cone of the representing measures of s. It follows from the above integral representation that each s ∈ S is either non-vanishing; that is, s d > 0 for all d, or else s d = δ 0 for all d. We denote by S * q the set of all non-vanishing elements of S having a representing measure µ with support containing at least q strictly positive elements. Fix an element s = (s d ) ∈ S * q and let µ ∈ M(s). It is known [12] that the sequence (s d 1 2d ) converges to limit R s ∈]0, +∞], where R s is the supremum over all t > 0 such that t is in the support of µ. We denote by D s the disc in C centered at the origin with radius R s with the understanding that D s = C when R s = +∞.
For each pair of non-negative integers
consisting of all polynomials with degree at most n furnished with the real inner product
and denote by Q d,n : (0, +∞) × (0, +∞) → C the corresponding reproducing kernel. Consider the following function
where λ is a complex number and (x, y) ∈ [0, +∞[×[0, +∞[. Our first result is the following:
Theorem A. For all fixed non-negative real numbers x and y, the series λ → F q,s (λ, x, y) converges uniformly on compact subsets of the disc centered at 0 with radius R 2 s . Next, let µ ∈ M(s) and denote by ν denote the image measure on C of µ ⊗ σ under the map (t, ξ) → √ tξ from [0, +∞[×T onto C, where σ is the rotation invariant probability measure on the unit circle T in C. Then ν is rotation invariant. Conversely, it is known [10] 
where
Furthermore, the reproducing kernel of A 2 ν,q is given by
Remark C . When the measure µ has a finite support and the number points of the support of µ is q, then Theorem B gives Cauchy type formula for polyanalytic functions. Such an example can be obtained using the Kroutchouk measure and related orthogonal polynomials.
A first application of our results provides the weighted polyanalytic Bergman kernel of the unit disc {z ∈ C : |z| < 1}. More precisely, for α > −1, we consider the space A 
We point out that when α = 0, this result was established by Koshelev [19] by different method limited to the case α = 0, but does not work for α = 0.
A third application of our results provides the weighted polyanalytic Bergman kernel for the weighted Fock space. Namely, let α > 0, and denote by F α,q (C) the space A 2 α,q of all square integrable of q-analytic functions with respect to the measure dν α (z) :
, where dA(z) is the Lebesgue measure on C We will establish the following Theorem E. The space F α,q is Hilbert space which coincides with the closure of the q-analytic polynomials in L 2 (ν α ) and its reproducing kernel is given by
where L α q−1 is classical weighted Laguerre polynomials of degree q − 1 and weight α.
We point out that when α = 0, this result was established by Haimi and Hedenmalm [15] using a different method which does not go trough for α = 0.
PRELIMINARY RESULTS
We collect a few preliminary results from the refrences [13] or [18] . Let s = (s n ) be a Stieltjes moment sequence and µ ∈ S representing measure of s. We assume in this section that the support of µ has N(µ) ≥ q elements. For each non-negative integers n ≤ N(µ) − 1 set
It is well-known that the sequence (P µ,n )
of orthogonal polynomials with respect to the measure dµ(x) is given by
so that the reproducing kernel Q µ,n is given by
We recall the following classical theorem of Heine a proof of which can be found in [13] Lemma 3.1. The determinants D n and D n (x) have the integral representations
In what follows we shall fix the measure µ, and for each d ∈ N 0 , we consider determinants and orthogonal polynomials with respect to the measure x d dµ(x). Then we simply set
The sequence of orthogonal polynomials with respect to the measure x d dµ(x) will be then denote
and it is given by
so that the corresponding reproducing kernel Q d,n is given by
Lemma 3.2. Suppose that the support of µ is unbounded. Then for any positive integer n and x ∈ [0, +∞[, there exist t x > 0 and a constant C x > 0 such that
Proof. In view of Lemma 3.1 by Cauchy-Schwarz inequality we see that
Since the degree n of the polynomial D d,n (x) is positive, there is t x > 0 such that
and thus by Lemma 3.1 we get
Taking C = (n + 1)! and using (3.6) completes the proof.
ORTHOGONAL POLYNOMIALS WITH RESPECT TO ROTATION INVARIANT MEASURES
Throughout this section, fix an element s = (s d ) ∈ S * q and let µ ∈ M(s). For each pair of non-negative integers (d, n), with d arbitrary and n ≤ q − 1, let (P d,k ), k ∈ {0, · · · , n} be a sequence of orthonormal polynomials of Hilbert space
and for all z = rξ ∈ C, r ≥ 0, |ξ| = 1,
By the change of variables formula, we see that
This completes the proof. 
Proof. Let η be the image of the measure
so that by [12] we see that
where R is the supremum over all t > 0 such that t is in the support of η. Moreover, it can be easily checked that if t > 0, then t is in the support of η if and only if t 1 n is in the support of µ. This completes the proof.
Now we prove Theorem A
Proof of Theorem A. We only need prove that for all non-negative real numbers x and y, the series
converges uniformly on compact sets of D s . We shall distinguish two cases. First, assume that the support of µ is bounded; that is R s is finite. In view (3.6), the latter series can be written if the form
Using the integral expressions (3.3) and (3.4) with respect to the measure r m dµ(r) instead of dµ(r), we see that D m,n (x) is a finite sums of terms of the form x j γ m,n (f ) where j ∈ N 0 and f is a function of the form
The same holds for D m,n (y) with y instead of x. Finally, we observe that
Therefore the series S s,q is a linear combination of series of the form
where f and h are of the form (4.8) and g is given by (4.8). Appealing to Lemma 4.2 and using D'Alembert's rule yields that the series S s,q,j,l (λ) converges as long as |λ| < R s . From this it is also clear that the series converges uniformly on compact sets of D s . Next, suppose that R s = +∞. Let x, y be arbitrary non-negative real numbers. Then by Lemma 3.2, there t x,y such that |P m,n (x)P m,n (y)| ≤ (n + 1)! t m , for all t ≥ t x,y . This proves that the series (4.7) convergence absolutely.
Finally, the inequality in Theorem A follows by Cauchy-Schwarz inequality. The remaining equality in the theorem is straightforward. This completes the proof. 
It is standard that this is a Hilbert space which contains all q-analytic polynomials, which is contained in L 2 (ν) and its inner product coincides with the scalar product inherited from the scalar product of L 2 (ν). Indeed, we have 
where F s,q is the function defined by (2.1).
Proof. By virtue of Theorem A, the series
converges uniformly for zw lying in a compact subset of D s . Since the system (H m,n ), m, n ∈ N 0 , n ≤ q − 1 forms an orthonormal basis of A 2 (s), a little computing shows that
When q = 1, we are in the analytic case. Since P m,0 is constant, the latter sum gives
However, , when q ≥ 2, we have
Now each element f of A 2 (s) admits a unique representation
By Cauchy-Schwarz inequality, it follows that this series converges uniformly on compact sets of D s and hence it defines a q-analytic function. Moreover, it can be easily checked
for all z ∈ D s . This completes the proof.
Now we are ready to prove Theorem B
Proof of Theorem B. It suffices to show that each q-analytic function which belongs to L 2 (ν) is an element of the space A 2 (s). Now let f be q-analytic function which belongs to L 2 (ν). By (1.4) we know that f has a unique representation of the form
where the functions f n are analytic on D s . Therefore, f can written in the form
where f m are anlytic polynomials and the series converges uniformly on compact sets of D s . In view of Theorem A, we see that f admits a unique representation of the
where c m,n are complex coefficients and the series converging uniformly on compact sets of
showing that f ∈ A 2 (s). The proof is now complete.
THE POLYANALYTIC BERGMAN SPACE ON THE UNIT DISC
In this section apply our approach to different classes of orthogonal polynomials to produces natural examples of Hilbert spaces of polyanalytic functions.
We start with the weighted polyanalytic Bergman space on D. Consider the weighted Lebesgue measure on D given by
where dA(z) is the Lebesgue measure on D. We denote by A α q (D), the weighted q-polyanalytic Bergman space on D where q ∈ N 0 and α > −1. This is the space of all q-polyanalytic functions f on D which are square integrable with respect to dA α (z).
It can be easily checked that the measure ν is the image measure in D of µ ⊗ σ under the map
The corresponding moment sequence is 
Proof. It is sufficient to assume that ϕ • ϕ(z) = z, for all z ∈ D. We recall the that the measure dA(z)
(1−|z| 2 ) 2 is invariant under the action of the automorphism group of the unit disc. We also observe that for any fixed ξ ∈ D, the function z →
By the reproducing property and change of variables formula we see that
Replacing ξ by ϕ(ξ) the latter equalities yield
This completes the proof.
We shall make use of the classical Jacobi polynomials P (α,d) n with parameters (α, d) and degree n. An explicit formula for these polynomials is given by
It is well-known by formula (3.96) in ( [24] , p. 71) that these polynomials verify the equality
The Jacobi polynomials satisfy the orthogonality condition
and hence for each non-negative integer d, the reproducing kernel of space of polynomials of degree at most q − 1 with respect to the L 2 -inner product associated to the measure t d dµ(t) is then
By the identity (3.114) in ( [24] , p. 75) we see that
so that by (5.4) we obtain
By Lemma 5.1, we have
|1−zw| 2j .
WEIGHTED POLYANALYTIC FOCK SPACES
The second example is the weighted measure defined on C by
where dA (z) is the normalized Lebesgue measure on C. We denote by A α q (C) the weighted q-polyanalytic Fock space on C where q is a positive integer. This is the space of all q-analytic functions f on C which are square integrable with respect to dν(z). The measure ν is the image measure in C of µ ⊗ σ under the map (t, ξ) → t 1/2 ξ from [0, +∞[×T onto C where µ is the measure on [0, +∞[ given by
The corresponding moment sequence is (6.1)
We will use the classical weighted Laguerre polynomials L α n of degree n and weight α. These polynomials satisfy,
They have the following explicit representation
We point out some useful formulas, the first one is due to Bailey [6] 
The others are
which are easy consequences of the definition of L d+α n (x). To compute the series F q,s (λ, x, y) in this case, it is sufficient to calculate the following expression
using first (6.4) and then (6.5) and (6.6) we have
THE HIGHER DIMENSIONAL CASE
Consider p Stieltjes moment sequences s(1), · · · , s(p) ∈ S * q and for each j let µ j ∈ M(s(j)) and denote by ν j denote the image measure on C of µ j ⊗ σ under the map (t, ξ) → √ tξ from for all q-analytic polynomials f ∈ L 2 (ν), where
Furthermore, the reproducing kernel of A Remark C'. As in Remark C, in the one variable case, when the measures µ j have a finite support with exacly q elements, provides the polyanalytic Cauchy type kernel of the unit polydisc D n := {z = (z 1 , · · · , z n ) ∈ C : max j=1,··· ,n |z j | < 1}.
In a similar manner, we obtain the weighted polyanalytic Bergman kernel of the unit polydisc {z = (z 1 , · · · , z n ) ∈ C : max j=1,··· ,n |z j | < 1}. More precisely, for α > −1, we consider the space A 2 α,n,q of all square integrable of q-analytic functions with respect to the measure dν α,n (z) :
, where dV (z) is the Lebesgue measure on C n . We will obtain the following Theorem D'. The space A 2 α,n,q is Hilbert space which coincides with the closure of the q-analytic polynomials in L 2 (ν α ) and its reproducing kernel is given by K α,n,q (z, w) = n j=1 K α,q (z j , w j ) for all z = (z 1 , · · · , z n ), w = (w 1 , · · · , w n ) ∈ D n , where K α,q is the weighted polyanalytic Bergman kernel of the unit disc.
We also obtain by similar arguments the weighted polyanalytic Bergman kernel for the weighted Fock space in C n . Namely, let α > 0, and denote by F α,q (C) the space A 2 α,q of all square integrable of q-analytic functions with respect to the measure dν α (z) : |z| 2α e −|z| 2 dV (z) π n , α > −1 where dA(z) is the Lebesgue measure on C n We will establish the following for all z = (z 1 , · · · , z n ), w = (w 1 , · · · , w n ) ∈ C n .
